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icroscopy and its abi-
lity to precisely loca-
lize and track single
particles has beco-
me indispensable in
biosciences, material science, and
medicine. Most notably, single-mo-
lecule localization lies at the heart of
many super-resolution fluorescence
microscopy techniques, with appli-
cations in structural and cellular bio-
logy. Recently, elastically scattering
particles have also gained attention,
asthe almost instantaneous scattering
rates enable high speed and precision.
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The precise localization of particles yields structural
and dynamical information in applications ranging
from fundamental physics to molecular biology. Here,
we discuss how the concept of (Quantum) Fisher
information can guide the development of localization
techniques. Starting from dipole scattering, we
discuss imaging based on elastic and inelastic (e.g.
fluorescence) scattering and present experimental
designs that increase the information obtained per

detected photon.

The precision in such applications
is limited by the finite signal-to-noise
ratio in the recorded data. While the
signal depends on the properties of
the sample and the chosen imaging
technique, the noise comprises tech-
nical contributions, such as camera
read-out noise, and quantum contri-
butions, such as shot noise or backac-
tion noise. The precision of a given
technique can often be increased by
averaging N consecutive frames. For
N independent measurements, this
increases the signal-to-noise ratio
by VN, and improves the precision

accordingly. However, this is not
always possible. A desired temporal
resolution or long-term setup stabi-
lity might preclude longer averaging
times. Furthermore, phototoxicity,
heating, or camera limitations mi-
ght preclude the recording at higher
light intensity.

Itis then crucial to obtain as much
information per detected photon as
possible. In estimation theory [1,2],
one quantifies this in terms of the
Fisher information (FI). It sets the
Cramér-Rao bound (CRB) on the
achievable estimation precision
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regarding a parameter of interest, such
as particle location, in a given measure-
ment scheme (see info box). The quan-
tum Fisher information (QFI), defined
as the maximum FI over all possible
measurement schemes, then sets the
more fundamental Quantum Cramér-
Rao bound (QCRB) on estimation preci-
sion. It depends only on the properties
of the probe light and the specimen.
The FI and the QFI can thus guide the
development of even more precise loca-
lization and tracking schemes.

Here, we discuss recent advances
in the estimation-theoretical analysis
of localization techn<iques. We start
with the textbook example of locali-
zing an elastically scattering particle
in the near and the far field [3]. The
much simpler far-field treatment gives
rise to the intuitive picture of Fisher
information flux [4]. Based on this
framework, we assess the localization
precision in interferometric scattering

(iScat), dark-field [5], and fluorescence
microscopy [2,6,7]. Finally, we discuss
MINFLUX microscopy [8,9], which in-
creases the information content per
detected photon using adaptive mea-
surements, prior knowledge, and tai-
lored probe beams [10].

When illuminating a small non-absorp-
tive particle with a plane wave, the light
field induces an oscillating dipole that
elastically scatters photons, which carry
information about the particle's location
(Fig. 1A). A quantum description of this
dynamic interaction predicts transient
peaks of the QFI in the near field [3]. The
QFT oscillates at the optical frequency,
indicating that information flows back
and forth between the field and the in-
ternal degrees of freedom of the particle.
The peaks can surpass the QFI accessible
in the far field by orders of magnitude
(Fig. 1B). It remains to be explored
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Microscopy can be understood as a parameter estimation process [1,2]: First,
a probe state of light p, is generated. This state could be as simple as a plane
wave, have structured amplitude and phase, or involve entanglement or
squeezing. Second, the probe state interacts with the sample, which encodes
information about a parameter of interest finto the probe state p, — p(6). Third,
ameasurementis performed on p(6). Finally, one estimates the parameter from
the outcome. As measurements are noisy, the estimate varies randomly and
deviates from the true value 0. In the absence of bias, the standard deviation
o quantifies the error of the estimate and obeys the CRB ¢® = FI}, where the
FI quantifies the sensitivity of the measurement outcome distribution to
deviations of 6. An estimator that saturates the CRB is called efficient. In the
limit of many measurements, maximum-likelihood estimation is both unbiased
and efficient. The QFI quantifies the sensitivity of p(8) to 6-deviations and
upper-bounds the Fl for any measurement, which implies the QCRB ¢?= QFI.
Both the FI and the QFI grow linearly with the number of independent
measurements, which for classical light equals the number of detected photons
N, - hence the shot noise limit 0> « N, in efficient and optimal measurements.
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to what extent one can realize this
potential in existing and future near-
field microscopy schemes.

As the light propagates onward
and no longer interacts with the par-
ticle, its information content about
location saturates to the QFI predic-
ted by far-field scattering theory. It
is conserved upon free propagation,
and its flux density can be calculated
from the derivatives of the electric
and magnetic fields with respect to
the parameters of interest [4], in
close analogy to the Poynting vector
describing the energy flux density.
For coherent probe light, the QFI is
given by a simple expression [10]
and results in QCRBs proportional
to A%/N; (or in terms of the mini-
mal standard deviation, o x A/ \/ZTTS),
reflecting the base resolution given
by the photon wavelength A and
the detection shot noise over N;
independently scattered photons.
Crucially, the elastic dipole scatte-
ring process is coherent, and the QFI
lies not only in the scattered field,
but also in its phase with respect to
the excitation light. Such considera-
tions are essential when designing
a measurement that maximizes FI.
For a given measurement, the FI
can be calculated from the detec-
ted intensities and their derivatives
with respect to the parameter of in-
terest. In the absence of technical
noise, it is limited by detection shot
noise [2].

These concepts have been applied to
various imaging scenarios. In iSCAT,
the light scattered by a nanometric ob-
jectisimaged onto a camera, where it
interferes with the light reflected from
the microscopy coverslip (see Fig. 1C).
The resulting image holds informa-
tion about the 3D position and the
polarizability (mass) of e.g., a protein
or nanoparticle [5]. The QCRBs turn
outto be 6, /A=0.13/YN,in lateral, and
0,/2=0.04/VN, in axial direction, with
N, < N; detected scattered photons.
The excellent axial precision is due
to the dependence of the resulting
interference pattern on the path len-
gth difference between the scattered
and reflected light. This advantage is
lost in techniques without reflected
reference, as the axial QCRB from the
scattered lightaloneis 0,/A=0.19/ N,
The same formalism also gives an
intriguingly simple precision bound
for estimating the mass of a scattering
protein: o,,/m= 1/2VN,.

In fluorescence microscopy, lo-
calization is based on inelastically

scattered light. While typical mi-
croscopes yield an anisotropic lo-
calization precision, FI can guide
engineering the wavefronts of
the detected light to balance this
anisotropy [6]. It also guides the
design of complex imaging sche-
mes that saturate the 2m collec-
tion QCRB [7], which is obtained
when collecting light with a single
high numerical aperture objective
(0y/ A%0.11/VN,, 0./A%0.29/VN,).
Notably, interferometric detection
of light collected with two objec-
tives reaches the 47 collection QCRB
(0y/ A%0.11/VNy, 0./A%0.07/VN,).
The increase in axial precision
is now due to the relative phase
between the fields collected in the
forward and backward direction.
All schemes discussed so far as-
sumed plane-wave illumination.
Shaping the excitation beam pro-
file can further boost localization
precision, and the optimal shape
can be calculated if the scattering
matrix of the specimen and its

Figure 1. a) Elastic scattering generates electric and magnetic fields that carry information
about the position and polarizability of the scatterer (adapted from [3]). b) While alight pulse
interacts with a scatterer, the QFlis enhanced and oscillates before it ultimately approaches
a constant value once the pulse has propagated to the far field (adapted from [3]). ¢) In an
interferometric scattering microscope, the scattered fields interfere with fields reflected at
the coverglass, leading to exceptionally high axial localization precision (adapted from [5]).
d) In MINFLUX, one iteratively adapts the excitation beam shapein order to boost localization
precision, which can surpass the QCRB for non-iterative, non-shaped excitation (taken

from [9]).
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dependence on the parameter of inte-
rest is known [10]. One practical exa-
mple is MINFLUX [8], which improves
the localization of fluorophores using
an excitation beam that features an
intensity zero, and that sequentially
illuminates various spots within a re-
gion of characteristic size L. The CRB
of MINFLUX scales as L/\/E, which is
independent of the diffraction limit.
Furthermore, “iterative” MINFLUX [9]
dynamically reduces L as photons are
collected, enhancing the localization
precision. Doing so in K steps yields
an overall CRB scaling of L/N/&% which
can beat the QCRB of non-adaptive
schemes (see Fig 1D). MINFLUX typi-
cally reaches an isotropic CRB of o,/
2=0.06/VN,.

Treating microscopy as a parameter
estimation task allows us to systemati-
cally benchmark and optimise imaging
schemes based on rigorous statistical
quantities. Does the error in my posi-
tion estimate of a specimen reach the

CRB for my measurement scheme?
Does the FI of my measurement sche-
me reach the QFI of the probe state?
These are questions every experimen-
talist can use to optimize the experi-
ment. However, reaching the QCRB
should not be seen as a final step. We
discussed how the clever interfero-
metric design in iScat yields an axial
QCRB far better than other axial loca-
lization techniques. We have also seen
how shaping the incoming light can
yield better QCRBs, and how adaptive
measurements in MINFLUX can even
bypass the 1/N scaling of the QCRB.
Further pathways to increased QFI can
be found using quantum resources [1],
such as entangled or squeezed states,
or cavity-enhanced imaging [11].
Including prior knowledge can fur-
ther guide the design and analysis of
experiments and drastically improve
results. We thus conclude that, as with
many ultimate or fundamental bounds,
itis important to know the underlying
assumptions and to search for ways to
overcome them.
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