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Precision plays an essential role,
not only in technology, but also in
our daily life. Optimizing precision
is particularly important when it
relates to time measurements: time
is considered by some as our most
precious resource - or the most im-
portant parameter. In optical setups,
the precision associated with time
(or temporal delay) measurements,
is often related to the field’s spectral
properties. For instance, for classi-
cal monochromatic fields, the time
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A finite precision is always associated with the
estimation of a parameter, whether it is time, length,
or arotation angle. What does fundamentally limit this
precision, given a fixed amount of resources—such as
total energy—that are used in parameter estimation?
The answer depends on whether classical or quantum
strategies are employed. In this paper, we explore the
fundamental precision limits of metrological protocols,
with a focus on how quantum optics and photonic
devices can achieve a quadratic improvement in
precision compared to classical setups while using the
same amount of resources. We analyze both theoretical
aspects and experimental demonstrations, highlighting
the respective roles of field statistics and spectral
properties in enhancing precision.

estimation precision limit is roughly
said to be the inverse of the field’s fre-
quency. However, in quantum optics,
light is characterized not only by its
modal properties - such as spatial or
frequency modes - but also by the sta-
tistical distribution of photons. This
dual nature encapsulates the inter-
play between the wave-like and par-
ticle-like aspects of light. The study of
parameter estimation and the asso-
ciated precision is called metrology.
In this contribution, we will discuss
how quantum optical strategies can
be applied to this field.

We start by recalling the basic
principles of metrology, and its
quantum counterpart. We will fo-
cus throughout this contribution
into time estimation precision, but
the description provided is valid for
other parameters as well. The steps
of a parameter estimation protocol
are outlined in the pink squares of
Box 1, that we will further explore in
the context of quantum optics. The
first step of the protocol involves ge-
nerating a quantum state, such as a
squeezed state or an entangled mul-
ti-photon state—both of which will be
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examined in greater details later in
this article. This initial state serves
asa probe, incorporating both modal
and statistical properties.

In the “Evolution” step, infor-
mation about the parameter to be
measured (denoted 7) is imprinted
onto the state. For instance, in the
case of time estimation, this can
occur through the free evolution
of the field, which depends on the
parameter (time) and is governed
by a Hamiltonian (specifically, the
free-field Hamiltonian). Next, a
measurement is performed, yiel-
ding an outcome x with probabi-
lity P.(x), which depends on the
parameter to be estimated 1. From
these outcomes, we define an esti-
mator—a function that maps mea-
surement results to the estimated
parameter. The average value of this
estimator over many experimental
runs provides an estimate of the
parameter’s value, with a certain
precision. Naturally, the higher

the precision, the more accurate
the measurement.

The precision limit can be calcu-
lated using the Fisherinformation, de-
M
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x; are the possible measurement out-
comes of the experiment. Given a
state and a parameter, there are a nu-
mber of different measurements that
can be implemented to infer the va-
lue of this parameter, leading to diffe-
rent probabilities P.(x;). Using %, we
see that the precision associated with
the measurement of the parameter
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the number of repetitions of the
experiment. This precision limit is
known as the Cramér-Rao bound.

Increasing the precision of a given
parameter estimation protocol invol-
ves finding measurement strategies
such that & is as large as possible.
But how large can & be? By optimi-
zing the precision over all possible
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measurement strategies, we can de-
fine the quantum Fisher information
(QFI): @=max ¥, leading to the quan-
1
NG
called the quantum Cramér-Rao
bound. Hence, the best possible pre-
cision occurs when ¥ = @. And what
limits the QFI ? For pure states under-
going Hamiltonian evolution (see
Box 1), the QFI takes a relatively
simple form: @=4A’H, where His the
Hamiltonian that generates the pa-
rameter dependent evolution into the
state considered as a probe. Hence,
given a Hamiltonian, the maximal
achievable precision depends enti-
rely on the choice of probe state. This
is where quantum resources may
offer advantages over classical ones.
Indeed, if we consider a system
composed of K qubits, we have that
each qubit can be prepared not only
in states |0 and |1), the analogous
of the classical bits 0 and 1, but also
in states as |‘I’>=i(|0> + 1)), which
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is a quantum superposition of the
values 0 and 1 with no classical
analog. By combining K > 1 qubits,
more complex states can be created.
We can either produce separable
states, as |¥,)1|Wo)s...| W)k, Where
the qubits are independent from
one another, or entangled states, as
L (10,10)z...|00H1,]1);...|1)). This
V2

state, analogous to a Schrodinger cat
states, has no classical counterpart.
While for separable states it has been
shown that the QFI scales as O<K, for
entangled states we have that 0<K? so
such states can lead up to a quadratic
enhancement of precision. Thisis also
the maximal possible precision enhan-
cement that can occur in quantum
metrology, and it is called the
Heisenberg limit. Importantly, this
enhancement occurs without increa-
sing the resources which are, in the
present case, the number of qubits. We
now see how these results manifest in
the context of quantum optics.

We now detail the specific case of time
precision limits in quantum optics. The
free evolution leads to a time de-
pendent phase to photon states, and
temporal delays can be easily imple-
mented in interferometers by creating
a path length difference between two
propagation modes. The recombina-
tion of the propagation modes leads to
interference, which enables the mea-
surement of this delay. The QFI asso-
ciated with the estimation of temporal
delays can then be calculated from the
free propagation Hamiltonian and the
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Figure 1. Experimental setup for investigating
the metrological performance of the Hong-
Ou-Mandel (HOM) experiment, showing the
generation, joint spectral amplitude (JSA)
engineering, and HOM interferometer stages.

state used as a probe. For a single fre-
quency mode field, the free propaga-
tion Hamiltonian is given by hw#
where w is the field’s frequency and 7
an operator counting the number of
photons of the field. However, it takes
a slightly more complex form in the
general case, when the field can be
decomposed into different frequency
modes. In this case, we can still obtain
an intuitive expression for the QFI,
which reads, for a single mode state,
@ = 4(N’wn+ A’Aiw?), where A’w is the
frequency variance of the mode, @ is
average frequency, 7 is the average
number of photons, and A%i the pho-
ton number variance. In general, the
total photon number is not fixed, and
paradigmatic states, as Gaussian states
(squeezed and coherent states), consist
of superpositions of different photon
numbers. The expression of the QFI for
a single mode is elegant, for treating
symmetrically modal (frequency va-
riables) and statistical (photon number
variance) properties of the field.

In early quantum optics metrology,
only single-mode states were conside-
red. Coherent states, which are clas-
sical-like states, are an example of a
single-mode state. They are a special
case of Gaussian states for which the
photon number follows a Poissonian
distribution. The QFI of a coherent
state is given by @ = 471°. We see that
the average photon number appears

here as the analog to the number of
qubits K, and we recover the known
classical result that the precision in
time estimation is limited by the in-
verse of the frequency for monochro-
matic fields. Photons in a coherent
state behave as independent particles,
explaining the observed analogy with
the separable states of qubit systems
described earlier.

If we fix the average field’s energy as
the available resource (i.e.,hirt @), how
can we obtain the quadratic scaling
in precision observed in qubit-based
quantum metrology? It has been
shown [1] that the optimal metrologi-
cal strategy concentrates all resources
into a single mode. In this case, the
frequency variance appears as a clas-
sical-like quantity, and doesn't play a
role in the scaling of precision enhan-
cement. However, some non-classi-
cal states can enable A’fi=n? Again,
the average photon number plays
the same role as the number of qu-
bits, leading to a quadratic precision
enhancement—the Heisenberg limit.

The previous results assume that
modal properties (frequency) and
statistical properties (photon num-
ber) are independent. However, this
isnot always the case. A key example
is photon pairs, commonly used in
Bell inequality experiments [2].
These states exhibit mode and par-
ticle entanglement and cannot be
described as single-mode states.
Frequency modes can also be en-
tangled for photon pairs [3], and in
this case, the QFI must be modified to
account for mode correlations.

To explore this scenario, let us
consider a system with K photons and
K propagation modes. Each mode
can host a single photon with its own
frequency distribution. The free evo-
lution Hamiltonian now depends on
both propagation direction and fre-
quency distribution in each mode.
For a single propagation mode, the
QFTI follows from the single-mode
expression: @;=4A%@; (where we have
used the general expression for the
QFI of a single mode, labled i, in the
case where 77; = 1, one photon per



propagation mode). For K independent
photons (in independent propagation
modes), if we suppose, for simplifying
reasons and without loss of generality,
that all the variances are the same, the

K
total QFI is given by @= Y. 0=4NG K.

1
This result resembles the QFI of coherent
states and separable qubit states, since
the precision scales linearly with the nu-
mber of photons.

We can now consider a system of
maximally entangled photons, both
in frequency and in propagation di-
rection. An example of such a state is
1
V2
for all values of i, that labels auxiliary mo-
des. This state is the generalization of a
pair of polarization entangled photons,
where each photon is on a different pro-
pagation mode. For this state, the fre-
quency variance in each mode is
Aza)i=l(a)i— w';)?. If the variance is the
same for each propagation direction, the
QFI becomes @=A’wK?. Then, analo-
gously to the case of entangled qubits, we
recovered the quadratic scaling of preci-
sion with the number of particles (here,
photons instead of qubits). However, now
precision is also proportional to the fre-
quency variance for each mode.
Interestingly, in this case, we observe at
the same time a wavelike behavior of the
scaling and a particle-like one.

(loop...lo+|w')...|o')), where w# @'
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We have provided a broad picture
highlighting how both modal correla-
tions and particle statistics can lead to
precision enhancement in quantum op-
tics [4]. Nevertheless, two natural ques-
tions appear: the first one is, how can one
engineer frequency entangled states, that
permit achieving the Heisenberg preci-
sion limit ? On the other hand, what is the
optimal measurement strategy, for which
the Fisher information is equal to the QFI
for this type of system ? We discuss these
two questions in the next section.

Theoretically, the Hong-Ou-Mandel
(HOM) interferometer [5] was shown
to be an optimal measurement tool as it
allows the quantum Cramér-Rao bound
to be reached under ideal conditions of
perfect visibility, where photons either
perfectly bunch or anti-bunch. Not only
it enables reaching the QFI, but also, in
principle, the Heisenberg scaling of pre-
cision (even though this type of experi-
mentis limited to two photons, precision
is proportional to the square of the nu-
mber of photons). Several experiments
have shown the approach to this optimal
precision using different two-photon fre-
quency entangled states [6].

However, in reality, perfect visibi-
lity is unattainable due to experimen-
tal limitations. Interestingly, the

Figure 2. Scaling of the ratio F,/@ for different biphoton states with respect to the HOM
visibility V. For SC-like states a maximal value of F,/@ is attained for V= 99.4%.
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Basic principles (pink boxes) of a metrological protocol, using
classical or quantum resources. The boxes and thought bubbles
correspond to relevant actions of quantities which are specific to
quantum protocols. The “generation of the state” is considered as
a black-box outputting a given quantum optical state (as an
entangled or squeezed state). In “Evolution”, a unitary operator
generates a parameter depending evolution, and the resulting
state now depends on the parameter to be estimated (tin the
example). The “Measurement” step can also be formalized as the
application of Positive Operator Valued Measurements (POVMs),
and the probability of obtaining an outcome x depends on the
parameter T. In the post-processing, this probability can be used
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toinfer, by using an estimator K, the value of the parameter kfrom
the probability distribution P,(x) obtained from the measurements.
The precision &t associated with this procedure on the obtained
value of Tcan be computed using the Cramér-Rao bound, where
Nisthe number of repetitions of the experiment and % is the Fisher
information (details in the main text). The Fisher information
depends on the measurement performed (the POVM EX). An
optimization over all possible measurements leads to the quantum
Fisher information @ and to the quantum Cramér-Rao bound,
which can be up to quadratically smaller than the Cramér-Rao
bound (depending onthe choseninitial state), leading to a better-
than-classical precision.

consequences of this fact are extreme:
a finite visibility leads to the impossi-
bility of reaching the QFI under any
circumstances in this experiment.
It is however possible to understand
the approach to the maximal possible
Fisher information in this set-up: the
effects of a finite visibility highly
depend on the spectrum of the en-
tangled two-photon state (and not on
its variance, as previously). In order
to better understand these points, we
recall the basic principles of the HOM
experiment and interpret it as a me-
trological protocol.

In the HOM setup, two photons in
two different propagation modes (as
in the previous model) are injected
into the two input ports of a 50/50
beam splitter. One of the modes is
temporally delayed with respect tothe
other: this delay is the parameter to be
measured, and the free propagation
Hamiltonian is the time (parameter)
dependent generator of the evolution.
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After the beam-splitter, either both
photons exit through the same port
(bunching effect), or they exit through
opposite ports (anti-bunching effect).
Coincidence detection at the outputs
determines whether the photons have
bunched or not. The time delay in one
path changes the distinguishability
of the photonic modes, altering the
coincidence detection probability
and enabling measurements of time
or path differences. The precision we
compute is associated with this mea-
surement, and the idea is to optimize
the Fisher information associated
with this quantity.

We have demonstrated in [7]
how the spectral properties of the
quantum state affect the scaling of
precision with visibility. To explore
this, we engineered various types
of frequency entangled two-photon
states and tuned the visibility of the
HOM interference. The quantum
source employed is an AlGaAs Bragg

reflection waveguide, which generates
polarization-entangled photon pairs
via type-II spontaneous parametric
down-conversion. As illustrated in
Fig.1, a continuous-wave laser with
a wavelength of 772.42 nm pumps
the waveguide, producing pairs of
horizontally and vertically polarized
photons that are collected in single-
mode fibers and directed to a pro-
grammable filter. This filter enables
the engineering of the spectral distri-
bution (joint spectral amplitude) of
the photons. This step corresponds
to the “Initial state” preparation in
Box 1. At the filter output, the photon
pairs are separated - the “Evolution”
step in Box 1 - with horizontally and
vertically polarized photons entering
the HOM interferometer through
arms 1 and 2, respectively. Precise
control over polarization distingui-
shability—and consequently, HOM
visibility—is achieved using two
polarization controllers (FPC1 and



FPC2), which allow for arbitrary polari-
zation transformations. The temporal
delay between the photons is controlled
using an optical delay line (MDL) placed in
arm 1. The two paths are recombined and
separated by a 50/50 beam-splitter (BS).
Finally, the photons are sent to super-
conducting nanowire single photon de-
tectors (SNSPD) - the “measurement” step
in Box 1. Temporal correlations between
the detected photons are analyzed by a
time-to-digital converter (TDC).

The experimental results display an
excellent agreement with the theoretical
predictions: a quadratic behavior is ob-
served for the ratio between the maximal
Fisher information fv and the QFT, 15‘,/62 .
The curvature of the parabola depends
on the state, and we confirm experi-
mentally that for spectral distribu-
tions corresponding to Schrodinger
cat-like states (states of the type

\7_—2(|w1>1|w2>2+|w2>1|001>2), precision

decreases slower with visibility than for
states with a Gaussian spectral distribu-
tion is [dwp(w)|w),|w+6),, where is a
Gaussian distribution and is a constant
frequency. The experimental results are
shown in Figure 2.

Figure 2 illustrates the evolution of the
ratio between the maximum of the
Fisher Information 13‘, and the quantum
Fisher Information @ as a function of
visibility V for four engineered states.
The results reveal that the Schrodinger
Cat (SC)-like state exhibits the most
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